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In the paper “On the p-lank of Incidence Matrices and a Question of E. S. 
Lander” (A. A. Bruen and U. Ott, to appear), the authors proved under certain 
conditions that (rank,(M) - 1)2 > (o - lal)(lal - l), where M is the incidence matrix 
of a linear space, v is the number of points, and Ial denotes the number of points 
on any line a. In this paper we prove a more general theorem: Let r be a semilinear 
space. Let VO, V,, and V be the Z-module generated by the set of points, lines, and 
chambers, respectively. Let 
Be the usual boundary map, where {A, a} is a chamber, e.g., the point A is incident 
with the line a. Let St := ker(a,) denote the Steinberg module of all closed circuits 
in r. Let k be any field; then rank,(M) 2 Jm, where dim,(St)= 
dim,(,St 0 k). Let IAl denote the number of lines through the point A, Ial the 
number of points on the line a. Under the hypothesis that /aI =X+ 1 (mod p) and 
IAl = Y + 1 (mod p) for all a E dp and A E B of the linear space r with v points over 
a field of char(k) = p, we show that 
l+Ja if X+l$O(modp) 
V 
rank.M) 1, 
i 
if Y(Y+l)$O(modp) 
v _ 1 if Y+l=O(modp) 
$zqEj otherwise. 
The dimension dim,(%) of a linear space is also calculated. Let a be any lixed line 
and{aj~j~~}bethesetoflineswhichpassa,thendim,(~t)=(v-~a~)(~a~-1)+ 
&E, (lajl - 1). In fact, we give an explicit basis of St consisting of elements of 
the standard module induced by certain ordinary triangles and quadrangles on a. 
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1, INTRODUCTION 
In [l] it is proven that (rank,(M) - 1)2 > (v - la/)(/al - 1) under certain 
conditions, where M is the incidence matrix of a linear space, v is the 
number of points, and Ial denotes the number of points on any line a. This 
is a generalisation of a question of E. S. Lander [4]. In this paper we prove 
a more general theorem. 
First it is necessary to introduce some notation and terminology. A 
geometry r of rank two consists of a set of points 9, a disjoined set of lines 
9 and a symmetric and reflexive relation, 1, on 0 = CP u 9. The set F := 
{(A, a} I Ala} shall be called chambers of K Two chambers are adjacent 
if they differ in exactly one element. A sequence of adjacent chambers is 
called a gallery. The geometry is connected if any two chambers can 
be joined by a gallery. The distance of two chambers E and F, denoted 
by d(E, F), is the minimum number n of a gallery (E, E,, . . . . E,- 1, F) 
connecting them. 
A geometry is called a semilinear space if a, b are lines through two 
different points, then a = b. A semilinear space is called a linear space if any 
two different points can be joined by a line. All geometries we consider are 
finite, connected semilinear spaces. 
A subset of points and lines of a geometry together with the restriction 
of the incidence relation on this subset is called a subgeometry. An ordinary 
n-gon in a geometry r is a subgeometry in which each element is incident 
with exactly two others. 
Let A and F be chambers in r. We say that F has gon-distance n to A, 
if there exists an ordinary n-gon C containing A and F such that the 
distance d,(A, F) in C is n and if C’ is another ordinary m-gon containing 
A and F such that d,.(A, F) = m, then m 2 n. 
A geometry r is called circuit connected with respect to a chamber A if 
for every chamber F which is contained in an ordinary n-gon there exists 
an ordinary m-gon C which contains both A and F. Note that every linear 
space is circuit connected. 
The incidence relation I gives rise to the incidence matrix M of the 
incidence map 
i 
0 -+ map(0, Z) 
A(x): 
6-t Z 
A: 
Xl-+ A(x), Y I--+ 4X)(Y), 
4X)(Y) = 
1 if xly 
0 otherwise. 
We say a geometry has parameters X and Y module p it the number of 
points on any line is congruent to X-t 1 (mod p) and the number of lines 
through any point is congruent to Y + 1 (mod p). We call the parameters 
modulo zero simply parameters. 
NOTE 133 
Let r be a geometry of rank two. Let VO, I’,, V be the Z-modules 
generated by the set of points 9, lines 9, and chambers F of l-‘, 
respectively. The linear boundary map is defined by 
where {A, a} E F is a chamber. Then the kernel ker(8,) is called the 
Steinberg module of the geometry r and is denoted by St. 
Let k be a field. Then all Z-modules become k-vector spaces by the 
functor - Ok and so dim,( St @ k) = rank(%). Therefore we write briefly 
dim,(St) instead of dim,(St @ k). An element c E St is called a simple 
n-circuit if it is induced by an ordinary n-gon. In the case that n is arbitrary 
we call a simple n-circuit briefly a simple circuit. 
The theorems that we prove are: 
THEOREM I. Let r be a semilinear space. Let k be a field and M be the 
incidence matrix. Then 
rank,(M) B Jdim,(St). 
THEOREM II. Let k be a field of characteristic p. Let r be a linear space 
with v points and parameters congruent to X and congruent to Y module p. 
Let A4 be the incidence matrix. Then 
(1 +JiGiQF) if X+l$O(modp) 
rank,(M) > ’ 
if Y(Y+l)fO(modp) 
v-l if Y+l-O(modp) 
JW otherwise, 
and 
dim,(St)=(v-laO(lal-1)+ 1 (lajl-l), 
jcJ 
where a is any fixed line and { aj 1 j E J} is the set of all lines which pass a. 
In fact, an explicit basis of St consisting of simple 3-circuits and 
4-circuits with respect to a chamber {A, a> is given. 
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2. SEMILINEAR SPACES 
In this section assume that r is a finite connected partial linear space. 
DEFINITION 1. Let I/ be the Z-module generated by the set of chambers 
FofKForu~V,v=x FE F a,F, we define the evaluation map v: F --f Z by 
v(E) = aE. 
PROPOSITION 2. Let St be the Steinberg module. Then St is generated by 
simple circuits. If r is circuit connected with respect to a chamber A, then St 
is generated by simple circuits which contain A. 
Proof: Let c E St be a circuit, then we define T(c) as the subgeometry 
of r which is induced by the points and lines in c. 
Suppose not. Then there is a counterexample c E St for which the number 
of chambers in T(c) is minimal. Let B be a chamber in T(c), then there is 
an ordinary n-gon Cc T(c) containing B, because r is finite. Let c1 be the 
circuit induced by C. Then c1 := c - c(B)c, is also a minimal counter- 
example and T(c’) is a proper subgeometry of T(c), which is impossible. 
This proves the first part of the proposition. 
Let F,, j E J be all chambers which have gon-distance n to A and c, be 
the set of all circuits induced by ordinary n-gons which containing A and 
4. Let m be the maximal gon-distance in r, then the set C := UnGm c, 
generates St. By the first part we only have to show that every simple 
q-circuit c E St is a linear combination of elements in C. Suppose there is 
a counterexample c E St. Then we may assume that c(A) # 0 and q is 
minimal. 
Let F be a chamber in T(c) such that d,,,,(A, F) = q. By assumption 
there must be an ordinary n, -gon C, such that d,,(A, F) = n1 < q. 
Let F,-, F-, Fz be adjacent in T(c) and F; w1 F-, F; be adjacent in 
,E, . Then the chambers F; - 1 Fw2 F2 are contained in a simple n,-circuit 
c2 with cZ(A) = 1 and n2 = (q + n, - 1)/2 < q or F; -I F, are contained in a 
simple &-circuit c; with c&(A) = 1 and n; =n2. By the same argument 
either the chambers F;-* Fwl F1 are contained in a simple n,-circuit c3 
with c3(A)= 1 and n3 =n, or F;-, Fz are contained in a simple n;-circuit 
c; with c;(A) = 1. Therefore, either c = c2 + c3 - c1 or c = c1 - c; - c; which 
contradicts our counterexample. 
Remarks. 1. Proposition 2 holds for all geometries, not only for semi- 
linear spaces. 
2. Sometimes this construction also works in higher ranks. In that 
case ordinary n-gons are replaced with thin geometries. But it seems that 
this is not always possible [3]. 
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DEFINITION 3. Let VO, V1, V be the Z-modules generated by the set of 
points P, lines 9, and chambers F of r, respectively. Let 0 be defined by 
0: 
{ 
VI30 v, -+ V 
A@a t+A(A)(u)~{A,a}; 
then 0 induces linear maps 
Define 
u() := (A,(a) ( UEY) and w, := (A,(a)-A,(b) 1 a, bEY)), 
u, := (A,(A) 1 A EP) and W, := (A,(A)-&(B) 1 BEG). 
Observe that W, c U, c V. and WI c UI c VI. 
LEMMA 4. (1) rank,(M) = dim,( U,,) = dim,( U,). 
(2) Let CE St be a simple circuit and dim,(St) 3 2, then c has un 
inverse image in W, @ W,. 
ProoJ The first part follows from the fact that the row rank and the 
colum rank of a matrix over any field are equal. To prove the second part, 
let C=C?=l ({Ai+l, ui} - {Ai, ai}) be a simple circuit in St, where 
A It+1 = A,. Let X be a point different from A,, . . . . A,. Define 
'I= f: C(nl(u~)~nl(ui-~))~(n~(Ai)~A~(X))], 
i=l 
where a, = II,. Observe that C is an inverse image of c under the restriction 
of 0 to W,@ w,. 
COROLLARY 5. If dim,( UJ WJ = Ii for i E (0, 1 }, then 
dim,(St) d dim,( W, @ W,) $ dim,( W,) dim,( IW,) 
= (dim,( U,) - I,)(dim,( U,) - II) 
= (rank,(M) - Z,)(rank,(M) - 1i). 
Thus Theorem I is proved. 
136 NOTE 
3. LINEAR SPACES 
PROPOSITION 6. Let k be a field of characteristic p. Let I’ be a linear 
space with v points and parameters X and Y module p. Let M be the 
incidence matrix of r. 
1. I’ Y + 1 E 0 (mod p), then rank,(M) 2 v - 1. 
2. If Y( Y+ 1) $0 (mod p), then rank,(M) = v. 
3. If X+ lf0 (mod p), then rank,(M) 2 1+ Jw. 
Proof: Let A” be the sum over all points without the point A. 
1. CalA A,(a) z A” implies that ACg U, for all points A. Let 
A r, . . . . A, be all points. It is A,” -A,! = Ai - A,. Therefore, 
0-l V-1 
0= c ai(A,“-Af)= 1 ai(Ai-A,) 
i=l i= 1 
V-l n-1 
= icl a,Ai- ic, aiAv 
and 
=“‘f’ aiAi-(‘fl ai) A, 
i=l i=l 
c A’-(Y+l)X. c A-O(modp). 
AEB AEP 
The assertion follows. 
2. Cae 2 Al(a)r(Y+l).CAE, A implies that CAEgA~UO. On 
theotherhand,C,,A,(a)-A’+(Y+l).AEC,.,A+Y.A.Therefore, 
AE U, for all AE~. 
3. Let B be any point, then 
=(X+ 1). 1 
( 
a-A,,(B) 
LlElp > 
implies that C,, dp a-A,(B) E IV,. On the other hand, ZAG q Ai, E 
(X+l)~C,,,a~U1. 
If co, lp a $ W1 the assertion follows from W, # U1 . 
If Caez as W, we see that A,(A)-&(B) I Cat2 a and there- 
fore C,, 2 a 1 C,, 2 a. From this we obtain 191 = 0 (mod p). But 
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191 . (x+ 1) E 191 . (Y+ 1) and, by assumption and 1, we may assume that 
Y + 1 $0 (mod p). This forces 191 = 0 (mod p). On the other hand, 
~~~~~(y+l)+l=XY+X+l (modp) implies Y(Y+l)$O (modp) 
and, by 2, the result follows. 
PROPOSITION 7. Let r be a linear space with v points. Let a be a line and 
let {aj 1 j E J} be the set of lines which pass through a, then 
dim,(St)= (v- lal)(lal -l)+ 1 (la,1 - 1). 
jeJ 
IJ; in particular, r has parameters X and Y, then 
dim,(St) = 
X2Y( Y+ 1) 
x+1 . 
Proof: First of all we remark that any linear space is circuit connected 
to every chamber. In view of Proposition 2 we lix any line a and a point 
A on a. Denote F the chamber (A, a). Because any two different points can 
be joined by a unique line, the highest gon-distance is four. Therefore we 
have to build quadrangles. Let aj, jE J, be the lines which pass a. To any 
point Bj on the line aj there are /ai1 - 1 chambers containing the line aj but 
not the point Bj. These chambers have gon-distance four to the chamber 
F. For any of these chambers choose exactly one ordinary 4-gon which 
contains the chamber F. These 4-gons induce simple 4-circuits cjk such that 
cjk(F) = 1, where j E J, 1 d k < laj I - 1 and the circuits are, by construction, 
linear independent. 
The next lower gon-distance is three. Outside the line a we find u - JaJ 
points. Therefore there are (u - la/)(/al - 1) triangles which contain the 
chamber F. Let cl, 1~5 I< (v- lal)(lal - 1) be the simple 3-circuits induced 
by these triangles such that c,(F) = 1. Then &k xikcik + XI x/c!= 0 implies 
xjk = xI = 0 by the evaluation map on the chambers of gon-distances three 
and four. Let S be the set of these simple 3- and 4-circuits. It remains to 
show that S generates the Steinberg module. By the second part of 
Proposition 2 let c be any simple 4-circuit such that c(F) = 1. Let E be the 
chamber of gon-distance four to F such that c(E) = 1 and let E, -1 E. 
Either there is one simple 4-circuit c* or two simple 4-circuits c’, c” in S 
such that c*(E) = -1, c*(E,) = 1 or c’(E) = -1, c”(E,) = -1, respectively. 
In both cases c(C)-c*(C)=0 and c(C)-c’(C)-c”(C)=0 for all 
chambers C of gon-distance four. Therefore c - c* and c - c’ - c” is a linear 
combination of circuits induced by triangles. Because all simple 3-circuits 
are contained in the generating set of St, the first part of the proposition 
is proved. 
The second part follows immediately. 
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From Proposition 6, Proposition 7, and Theorem I we obtain 
Theorem II. 
Remarks. 1. The Steinberg module is just the highest homology 
module of a geometry [2]. Therefore the dimension of St is IF 1 - 191 - 
/Yl+ 1 (compare [2 or 51). 
2. It seems remarkable that the quadrangles in our construction are 
not unique. 
3. The inequality in Theorem II is the best possible. Let r be the 
complete graph with four points. Then rank,(M) = 3, if the characteristic 
of the field k is two. On the other hand, by Theorem IT, rank,(M) 2 
J-- 3+1>2. 
Let r be the projective plane of order two. Then rank,(M) = 4, if the 
characteristic of the field k is two. From Theorem II, rank,(M) 2 
2fi + 1 > 3. It is therefore of interest to know the dimension of 
ker(O 1 lJ,,@ U,) depending on the characteristic of the field k. 
4. The theorem becomes wrong for geometries that are not semi- 
linear spaces, even if the shadow of every line is unique. Let r be the 
extended projective plane of order two. This geometry has eight points and 
14 lines. Let 1 denote the overall one matrix. An incidence matrix A4 is 
M’=(A 1 l-A), A” 
1 1 
1 0 
1 0 
0 1 
0 1 
0 0 
0 0 
0 0 0 
1 1 0 
0 0 1 
1 0 1 
0 1 0 
1 0 0 
0 1 1 
0 
0 
1 
0 . 
1 
1 
0  
In this case rank,(M)=4 if the characteristic of k is two. On the other 
hand, dim,(%) = 35. 
Let us close the paper with a positive result. 
COROLLARY 8. Let P be the projective space of dimension n > 2 over the 
finite field k = G F(q). Then the points and lines form a linear space IY Let 
M denote the incidence matrix of the linear space and St(r) denote the 
Steinberg module of I’. Then 
dimk(Wr)) = q 
3 (4”- lb.?“-‘- 1) 
(q2 _ l)(q _ 1) . 
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Proof: This follows from Proposition 7 with X= q and Y + 1 = 
c;z; qi. 
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